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Abstract 

The asynchronous systems are the models of the asynchronous circuits from the digital 
electrical engineering. An asynchronous system / is a multi-valued function that assigns 
to each admissible input u : R — > {0, 1}™ a set f{u) of possible states x € f{u),x : R — > 
{0, 1}". A special case of asynchronous system consists in the existence of a Boolean function 
T : {0, 1}" X {0, 1}™ {0, 1}" such that Wu,\/x G /(u), a certain equation involving T is 
fulfilled. Then T is called the generator function of / (Moisil used the terminology of network 
function) and we say that / is generated by T. The systems that have a generator function 
are called regular. 

Our purpose is to continue the study of the generation of the asynchronous systems that 
was started in [2] , [3] . 
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1 Preliminaries 

Notation 1. Let be the arbitrary set M. The following notation will be useful: P*{M) = 
{M'\M' CM,M' 

Definition 2. The set B = {0, 1}, endowed with the order < 1 and with the usual laws 
—, •,□,©, is called the binary Boole algebra. 

Definition 3. The initial value x{—oo -|- 0) € B" of the function a; : R — > B" is defined by 
3t' € R, Vt < t', x{t) = x{-oo + 0). 

Definition 4. The characteristic function XA : R ^ B o/ the set A <Z is given by 

Notation 5. We use the notation Seq = {{tk)\tk € R, A; G N, to < ••• < tk < ■■■ is unbounded 
from above}. 

Definition 6. A function a; : R ^ B" is called n— signal, shortly signal if ^ and 

(tk) € Seq exist such that 

x{t) = fi ■ X(-oo,io) W ® x{to) ■ X[to,h){t) © - © x{tk) ■ X[t,,t^+r){t) © - (1) 
The set of the n— signals is denoted by 3^""^ 

Remark 7. Let be x : K ^ B",n : R B™. Instead o/xxu:RxR^B"x B"^ we 
define the function x x u, many times denoted by {x,u), as x x n : R ^ B" x B™ due to the 
existence of a unique time variable t £ R. Between the consequences derived from here we have 
the identifications x = and P*(5W) x P*(5(™)) = p*(5("+™)). 
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Definition 8. The left limit x{t — 0) of x{t) from (OP is the R — > B" function defined as 

x(t - 0) = /i • x(-oo,to] (t) ® x{to) ■ x(io,ti] (t) ® - © x{tk) ■ x{tfe,tfe+i] (t) e ••• 

Definition 9. Let be U e P*(S'(™)). A multi-valued function f : U ^ P*(S'(")) is called 
asynchronous system, shortly system. Any u G U is called (admissible) input and the 
functions x G f{u) are called (possible) states. 

Remark 10. The asynchronous systems are the models of the asynchronous circuits. The 
multi-valued character of the cause- effect association is due to the statistical fluctuations in the 
fabrication process, the variations in the ambiental temperature, the power supply etc. Sometimes 
the systems are given by equations and/or inequalities. 

Definition 11. The initial state function of f is by definition the function if : U ^ 
P*(B"),Vn G U,if{u) = {x(-oo + 0)lx G f{u)}. 

Definition 12. The function p : R — > B" is called progressive if (tk) G Seq exists such that 
p{t) = p{to) ■ X{to}it) © - ® Pitk) ■ X{t,}{t) © - and Vi G {1, n}, the set {k\k G N, pi{tk) = 1} 
is infinite. The set of the progressive functions is denoted by Pn- 

Notation 13. Let 6e T : B" x B"^ ^ B", u G S^"), ^ G B" and p G P„. The solution of the 
equation 

x(—oo + 0) = fi 

T^{x{t-0),u{t-0)),if p,{t) = l (2) 
Xi{t — 0), otherwise 

is denoted by T^^{t, p,u). 

Definition 14. The system T,^ : S'(™) ^ P*(S'(")),Vn G S^"'\T,y{u) = {T-P{t, fi,u)\p G 
B"",/? G Pn} is called the universal regular asynchronous system that is generated by the 
function T. 

Definition 15. The system f is called regular if T exists such that Mu G U,f{u) C S^(n). // 
so, T is called the generator function of f and we also say that T generates f. 

Remark 16. Equation ^ shows how the circuits compute asynchronously the Boolean function 
T : the computation is made at the discrete time instances {tk\k G N,3i G {1, ...,n}, pi(tk) = 1} 
on these coordinates Tj for which pi{tk) = 1. The models of these circuits, the systems f with the 
generator function T, have the remarkable property that a function ttj : Wf P*{Pn) exists, 
Wf = {(x(-oo + 0),M)|n eU,x e f{u)} such that Vn G U,f{u) = {T^P{t, p,u)\p G if{u),p G 
7rj(^, m)}. TTf is called the computation function of f. For f regular, T andirj are not unique. 



Vi G {1, ...,n},Xi{t) 



2 Subsystems 

Definition 17. The system f is called a subsystem of g : V ^ P*(S'(")), V G and 
we write f C g, if U C V and Vn G U, f{u) C g{u). 

Remark 18. We interpret f C g in the following way: the systems f and g model the same 
circuit, but the model represented by f is more precise than the model represented by g. 

Theorem 19. The function T and the regular systems f C S^, g C are given. We denote 
by ig : V ^ P*(B") the initial state function and byiTg : Wg P*{Pn) the computation function 
of g. The following statements are equivalent: 

a) f eg 

b) U C V and Vn G U,if{u) C ig{u) and Vn G C/, V/i G if{u),\/p G TTf{p,u),3p' G 
7rg{n,u),T-P{t,p,u) = T-P'{t,i2,u). 
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3 Dual systems 

Definition 20. The d ual function T* : B" x B"* B'^ of T is defined by V(/x, zv) G B" x 
B"*, T*(/x, I/) = T{j[,V). Here the barjl refers to the complement done coordinatewise. 

Definition 21. The dual of the system f is by definition the system f*:U*^ P*{S^'^^), where 
U* = {u\u e U} and Vn G U*,f*{u) = {x\x G /(u)}. 

Remark 22. The system f* models the circuit modeled by f with the AND gates replaced by 
OR gates etc. 

Notation 23. We denote if* : U* P*(B'*), Vn G U*,if*{u) = {pin G if{u)}. 

Notation 24. We denote by tt/* : Wf* P*{Pn) where Wf* = {{x{-oo + 0),u)\u G U*,x G 
f{u)} the function y{fi,u) G Wf* ,'rrf*{fx,u) = 'k f{ji,u). 

Theorem 25. The dual system f* of f C is regular, f* C S^*! initial state function is 
if* and its computation function is iTf*. 

4 Cartesian product 

Definition 26. The Cartesian product of the systems f and f : U' ^ P*(5("')), i7' G 

P*(5("^')) is defined as f x f : U x U' ^ P*(S("+"')), y{u,u') e U xU',{f x f'){u,u') = 
f{u) X f{u'). 

Remark 27. The Cartesian product f x f models two circuits that run independently on each 
other. 

Notation 28. For T and T : B"' x B™' ^ B^^', we denote byTxV : B"+"' x B^^'"' ^ B"+"' 
the function fi'), e B"+"' x B'"+™',(T x V){{fi, = {T{^i,lJ),V{fi',u')). 

In this notation we identify G B" x B" with (/^i, /i^,) G B""*"" etc. 

Notation 29. If if ■ U' P*(B"') is the initial state function of /', we use the notation 
if^f, : C/ X ?7' ^P*(B"+'*'),V(M,n') (^UxU',ify,f.{u,u') = if{u) xif,{u'). 

Notation 30. The regular systems f, f are given, f C Sx, /' C Sx' as well as their com- 
putation functions: iTf : Wf P*{Pn), vry : Wf P*{Pn>). We denote by ttjx/' '■ ^fxf 
P*{Pn+n') the function VK/x/' = {((x(-oo + 0),'.t'(-oo + 0)), {u,u'))\{u,u') eU xU', {x,x') G 

f{u) X f'{u')},y{{n,fl'),{u,u')) G H^/x/', T^fxf'{{lJ',l^'),{u,u')) =TTf{n,u) X'Kf,{ll',u'). 

Remark 31. The function T^fxf *s correctly defined since Vp,yp',p G P„ and p' G P„' => 
{p,p') G Pn+n'- 

Theorem 32. If f C S^, /' C E^,, then the system f x f is regular, f x f C S^^ym ^^s initial 
state function is ifxf o.'nd its computation function is TTfxf. 

5 Parallel connection 

Definition 33. The parallel connection of f and f[ : U[ ^ P*(5("')), U[ G P*(5(™)) is 
defined whenever U D ^ $ by f\\f[ : U D U[ ^ p*(5(n+n'))^ Vn G f/ n U[, {f\\f[){u) = 
fiu) X f[{u). 

Remark 34. The parallel connection f\\f[ models two circuits that run under the same input, 
independently on each other. 
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Notation 35. Let he T and T; : B"' xB"* ^ B*^', for which we denote hyT\\V^: B"+"' xB"^ ^ 
B"+"' the function g B"+"' x B"" , {T\\V^){{fi, = {T{fi,u),T[{fi' 

Notation 36. Let ij/ : U[ ^ P*(B"') be the initial state function of f[. IfUnU[ / 0, we use 
the notation :UnU{^ P*(B"+"'),Vn G U D U{,if\\f^{u) =if{u) x if^{u). 

Notation 37. We suppose that the systems f, f[ are regular i.e. f C S^,/! C S^/ and let 
TTf : Wf — > P* {Pn),TT fi^ : Wfi^ — > P*{Pn') bc their computation functions. If U (1 U{ 7^ 0, then 
we use the notation ttjuj/ : P*{Pn+n')-, ^f\\f[ — 00 + 0), 00 + 0)), u)|n G 

U riU[,x G f{u),x' £ f[{u)}, V((/i,/i'),'«) G Tyj||j/,7rj||j/((/u,/x'),n) = 7r/(/i,u) x 7rj/(^',n). 

Theorem 38. If f C S^, /( C S^, and [/ n [/( / 0, then f\\f{ C ; its initial state 

function is if\\f^ and its computation function is T^f\\f^- 

6 Serial connection 

Remark 39. Let be the systems f and h : X ^ P*(S'(p)),X G P*(S'(")). When \J f{u) C X, i/ie 

serial connection of f and h is defined by ho f -.U —* P*(S'*-^^), Vu G C/, (/i o f){u) = |J h{x). 

xef{u) 

If f and h are regular, this definition means that in the systems of equations 



Vi G {1, ...,n},Xi{t) 



x(— 00 + 0) = fi 

T,{x{t-0),u{t-0)),if p,{t) = l , (3) 
Xi{t — 0), otherwise 

y(-oo + 0) = A 

V,-Gll n\u (t)- ] ^j(y(*-0),x(t-0)),i/t^,(t) = l (4) 

w/iere n G S^'^^x G S^"),?/ G S^p\ n G B", A G B^, p G P^, w G Pp, T : B" x B™ ^ B", 
: B^ X B" — > BP we eliminate x. Because this does not give any information of the regularity of 
ho fj we choose to work with a slightly different system from ho f^ for which x is not eliminated. 

Notation 40. // / and h fulfill \J f{u) C X, then we denote by h * f : U ^ p*[S^n+p)) ^j^^ 

system Vu eU,{h* f){u) = {{x,y)\x G f{u),y G h{x)}. 

Notation 41. The function 1? * T : B"+p x B™ ^ B"+p is defined by y{{fi,X),u) G B"+p x 
B™, * T)((^, A), u) = (T(/., u),^{X, T(^, u))). 

Remark 42. The point is that, instead of eliminating x in ^ as ho f does, we can work 
with h * f and with the equation 



\/k G {l,...,n+p},Zk{t) 



z(-oo + 0) = (/i,A) 

* TUz{t - 0), u{t - 0)),if {p, w)k{t) = 1 
Zk{t — ^) , otherwise 



where z G 



Notation 43. For i^ : X ^ P*(BP) the initial state function of h, we denote by i^^j : U 
P*(B"+P) the functionMu G U,ih*f{u) = {{p, X)\p G if{u),X G U ih{x)}. 

x£f{u),x{ — oo+0)=fj. 
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Notation 44. We suppose that tt/i : Wh — ^ P*{Pp) is the computation function of h, Wh = 
oo + 0),,t)|.x G X,y £ h{x)}. We denote by tt/j^j : Wh*f P*{Pn+p) the function Wh*f = 
{((x(-cx) + 0),y(-oo + 0)),u)|tx G C/,a; G f{u),y G h{x)}, V((//,A),ti) G Wh*s, 7r/j*/((//, A), «) = 
{(p,ro)|p G 7r/(/i,u),tu G U 7r/i(A,a;)}. 

a;6/(u),a;(— 00+0)=// 

Theorem 45. The systems f and h are given such that the inclusion [j f{u) G X is true. If 

ueu 

the regularity properties f C E^, h C hold, then h* f C 5]^^^/ initial state function of 
h* f is ifi^f and its computation function is TTh*f- 

7 Intersection 

Definition 46. The intersection of f : U ^ P*(S'H) andgiV ^ P*(S(")), U,V e P*{S^"')) 
is defined whenever 3u e U D V,f{u) D g{u) ^ if) by f D g : W ^ P*{S^'^^), W = {u\u G 
unv, f{u) n g{u) 7^ 0}, Vu G W^, (/ n g){u) = f{u) n g{u). 

Remark 47. The intersection of two systems is a model that results by the simultaneous validity 
of two compatible models. 

Notation 48. When W ^ we use the notation if^g : W P*(B"),V'u G W,ifng{u) = 

if{u) nig{u). 

Notation 49. We consider the regular systems f,g for which the generator function T : 
B" X B™ B" is given such that f C ^y,g C S^. Their computation functions are iTf : 
Wf — > P*{Pn), TTg : Wg — > P*{Pn). If the set W is non-empty, then we use the notation 
TTjng : ^fng ~^ P*{Pn) for the function that is defined by VFjng = oo + 0),u)|it G 

W,x e f{u)ng{u)},W{ii,u) G Wfng, TTfng{n,u) = {p\p G 7r/(/x, u), 3p' G Trg{n,u),T-P{t, n,u) = 

r-p'it,fx,u)}. 

Remark 50. We remark the satisfaction of the following property of symmetry: Wfng = Wgnf 
andy{ii,u) G Wfng,\/p G 7r/n^(/x, u), 3/?' G 7Tgr,f{n,u),T~P{t,iJ,,u) = T~p {t,iJ,,u) andMp' G 
TTgn/d", u), 3p G TTfngin, u) , T'P {t, fi, u) = T-P{t, n, u). 

Theorem 51. // the regular systems f C ^y,g C fulfill W ^ %, then their intersection 
f r\g -.W ^ P*(S'(")) is regular fdgC S^; its initial state function is if^g and its computation 
function is TTfng- 

8 Union 

Definition 52. The union off,g is defined by fUg : UUV V-u G UUV, {fUg){u) = 

' f{u),ueU\V, 
giu),ueV\U, 

, fiu)ug{u),u eunv 

Remark 53. The union of the systems represents the validity of one of two models. This is 
useful for example in testing, when f is the model of the 'good' circuit and g is the model of the 
'bad' circuit. 



Notation 54. We denote by ifug : U U V ^ 

if{u),ueU\V, 
< ig{u),u £V\U, 

if{u) Dig{u),u eU nv 



P*(B") the function W e UU V,ifug{u) = 
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Lemma 55. The sets Wf = {(x(-oo + 0),u)\u £ U,x £ /(n)}, Wg = {(.t(-oo + 0),u)\u G 
V,xe g{u)}, Wfug = {(a;(-oo + 0),u)\u e U UV,x e {f U g){u)} fulfill Wf^g = WfU Wg. 



Notation 56. Let be the regular systems /, g and the function T such that f C S^, <? C are 
true. The computation functions of f,g are iTf, -Kg. We denote by Kfug '■ ^fug ~^ P*{Pn) the 

TTf{lJ,,u),{ll,u) G Wf\Wg, 

TTg{lI,u),{n,u) eWg\Wf, 

. 7r/(/x, u) U TTgin, u), {n, u) eWfO Wg 



function V(/Lt,w) G Wfug, T^fugil^, 



u 



Theorem 57. If the systems f, g are regular f C S^, 5 C S-^-' then the union f U g : U UV ^ 
p*(5'W) is regular, fUgC S^; its initial state function is ifyjg and its computation function is 
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